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A COUNTER-EXAMPLE IN THE PARTITION 
CALCULUS FOR AN U N C O U N T A B L E  ORDINAL 

BY 

JEAN A. LARSON + 

ABSTRACT 

The main theorem of the paper is a counter-example in the partition calculus 
introduced by P. Erd6s and R. Rado: If K is a regular cardinal and a = K "+~, 
then a-z6(a, 3) 2. The proof is combinatorial. Other counter-examples are 
produced from this one through the pinning relation which was introduced by 
E. Specker. 

01. Introduction and terminology 

P. Erd6s and R. Rado [4] first introduced the ordinal relation a ~ (a, 3) 2 in a 

paper  in 1956 in which they generalize Ramsey ' s  Theorem in many different 

ways. (For a definition of this relation, see the end of the section.) The main 

theorem of this paper  is a counter-example in this partition calculus: If  r is a 

regular cardinal and a = K'~+I, then a 76 (a, 3) 2. 

In section 3, the pinning relation introduced by E. Specker [14] is used to 

apply the main theorem to other ordinals. In this way J. Baumgar tner  [1] has 

shown that the theorem can be extended to singular cardinals of uncountable 

cofinality. More generally, he has shown that if K is a cardinal of uncountable 

cofinality, a is an ordinal with r ~ < a < K +, and the cofinality of a is the same as 

the cofinality of K, then a satisfies the negative partition relation a 76 (a, 3) z. I 

use his approach to show that the negative partition relation also holds for any 

ordinal a = K a which is the ordinal power of a cardinal K of uncountable 

cofinality for some infinite decomposable  ordinal a. 

In section 4, I characterize for a regular uncountable cardinal K, the ordinals of 

*Part of this paper is a reworking of material that appeared in the author's Ph.D. thesis written 
under J. Baumgartner. 
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cardinality K which can be pinned to K'~+I. This characterization shows the limits 

of the set of ordinals of cardinality K to which the basic counter-example may be 

applied. 

In section 5, in order to fit the results of the paper  into what is already known, 

I discuss the partition relation a ~ (a, 3) 2 in the case of a an ordinal power  of a 

cardinal. I close with some open questions. 

The rest of this section is devoted to a review of terminology and basic facts 

used in the study of the partition calculus. 

The set theoretic usage is fairly standard. Each ordinal is identified with the set 

of its predessors. Since the axiom of choice is assumed throughout,  cardinals are 

identified with initial ordinals. Denote  by toa the initial ordinal occupying 

position a in the sequence of initial ordinals; and set tOo = to. If r is a cardinal, 

then K ÷ is the next largest cardinal. 

The  exponentiat ion in expressions of the form 2 K is cardinal exponentiation. 

All other exponentiation is ordinal exponentiation. 

If X is a set, then IX  I is the cardinality of X and [X]" is the set of n-e lement  

subsets of X. If  X is a well-ordered set and a an ordinal, then tp X = ~x means X 

is order-isomorphic to the ordinal a ordered by the membersh ip  relation. In this 

case, X has order type tx. 

If t~ is an ordinal, then cf a denotes the least ordinal fl which can be mapped  

onto a cofinal subset of a. A cardinal K is regular if cfK = K. Otherwise a 

cardinal is singular. The cofinality of an ordinal is always a regular cardinal. An 

ordinal a is decomposable  if it can be represented as a sum fl + ~/ where 

fl, ~, < a. Otherwise it is called indecomposable.  It is well-known [12] that if a is 

indecomposable and tx = B LJ C, then either B or C has order  type a. The 

indecomposable ordinals are those of the form tO~ where a is an ordinal. 

Ramsey ' s  theorem has been generalized in many ways. The relation tz ---> (fl)~, 

holds if and only if for every set A of type t~ and every function R : [A ]' ---> % 

there are 6 < ~t and B C A  with t p B  = fl and RIB]"  = {~}. In this notation 

Ramsey ' s  theorem is tO--->(to)~ for every r ,n <tO. The relation 

t~ --> (/30, i l l , ' "  ",/3,_1)' holds if and only if for every set A of type a and every 

function R : [ A ] ' - - - > n ,  there are i < n  and B C A  so that t p B  = fl, and 

R [ B ]  r = {i}. The  relation considered in the paper  is a special case of the last. 

The relation K --> (K)~:'~ holds if and only if for every set A of type K and every 

function f f rom [A ]<'~ = I,..J, <,~ [A ]" into 2, there is a set B C A of type K so that 

for each n < tO, )¢ is constant on [B ]". If x ---, (K)2 <~, then K is called a Ramsey 

cardinal. 

Pinning is defined in section 3. 
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02. T h e  c o u n t e r - e x a m p l e  

THEOREM 2.1. I f  r is a regular cardinal, then K '~+174 (K "+l, 3)2. 

If • is countab le ,  then K "+1 is to~+l, which is known to have  the  nega t ive  

par t i t ion relat ion.  This  result  follows f rom work  of F. Galvin  [5] which shows 

that  if ~ is to a where  a is a coun tab le  d e c o m p o s a b l e  ordinal ,  then a has the 

negat ive  par t i t ion relat ion.  So for  the rest of  this sect ion assume r is 

uncountab le .  

For  each n < to, let K ( n )  be the set of increasing sequences  of  ordinals  less 

than r of length n. Le t  K = [ .J ,~ ,K(n) .  Let  <t  be  the lexicographic  order ing.  

Then  for  each n < to, (K(n) ,  <z) has o rder  type K". Def ine  ano the r  o rde r  < on 

K by  sett ing 

a = (ao, a , , . . . ,  a._a) < b = (bo, b l , ' "  ", b,,-1) 

if and only if one  of the fol lowing three  condi t ions  holds: 

(i) ao < bo, 
(ii) a o = b o a n d  n < m ,  

(iii) a o =  bo, n = m and  a <~b. 

Then  (K, < ) has o rder  type K ~ " K = K'°+l. 

Def ine  R:[K]Z--->{0,1} by sett ing R { a , b } = l  if and only if a =  

(ao, a l , "  ", a._~) and b = (bo, h i , ' "  ", b,.-1) where  n = m and there  is some  j with 

l < j < n  so that  

aj_l < bo<- aj < bj_~<- a._, < bj. 

Not ice  that  the value of R depends  on the length of the  sequences  and  their  

re lat ive order ing  but  not on the par t icular  e l emen t s  of the sequences .  So the 

ordinals  less than r f o rm a set  of indiscernibles for  the  coloring.  E. Specke r ' s  

color ing for  to3 has an ana logous  proper ty .  

L e m m a s  2.2 and 2.7 be low comple t e  the p roof  of  T h e o r e m  2.1. 

LEMMA 2.2. There is no three element set Y C K with R [ y]2 = {1}. 

PROOF. Assume ,  by way of contradic t ion,  that  Y = {a, b, c} is a set of three  

e l emen t s  with R [ Y ]  z =  {1}. Then  a, b, c all have  the  same  length n, and no  two 

have  the  s a m e  first e lement .  Wri te  a = (a0, a~ , . .  -, a , - 0 ,  b = (b0, b l , . . . ,  b,_~) and 

c = (co, c~,." ", c._~). Withou t  loss of  general i ty ,  we m a y  assume  a 0 <  b o <  co. 

F r o m  the definit ion of R, there  are na tura l  number s  j, k, and m so that  

(i) aj_, < b o <  aj <bj_ l< a._~ <bj, 

(ii) ak-i  < co < ak < ck-~ < a,_~ < ck, 
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(iii) b,.-1 < Co -~< b,, <: c,.-1 ---- b,-1 < cm. 

It follows that a,-1 < b,_l < c,_1. Now aj_~ < b0 < Co < a~, so j _-< k. Since 

ck-~ < a._~ < b,_~ < cm, also k _-< m. Fur thermore ,  bm_~ < co < ck-~ -< a,_~ < hi, so 

m - < j .  Thus  j = k = m. Therefore  aj < bj_l = b~_~ < Co_ -< aj, which yields the 

contradict ion aj < aj. So the l emma follows. 

Some auxiliary definitions and lemmas are needed  to prove  there is no subset 

X of  K of o rder  type r'~+~ with R [ X ]  2= {0}. 

The  following lemma is well-known. One  can prove it by induct ion on the 

natural  numbers  using the definition of regularity. 

LEMMA 2.3. I f  tx is a regular cardinal and v is a cardinal with v < i~ and 

n < to, then l~" ---) (Is ")~v. 

DEFINITION 2.4. Suppose m and n are natural numbers and m -< n. If y is a 

sequence of length n, then y I m is the initial segment of y of length m. (So y I 0 

is the empty  sequence.)  If  Y is a set of sequences  of length n, then Y Im = 

{ y I m : y ~ g } .  

D~FINITION 2.5. Suppose  K is a regular  cardinal, n < to, I C n + 1, Y C K(n) .  

Then Y is an I-product set if and only if n E I and for  all i E I -  {n}, for all 

y E Y l i ,  there are r sequences z in Yl( i  + 1)with z I i =  y. 

If Y is a n / - p r o d u c t  set where  Y C K ( n )  and ] I ]  = m + 1, then the e lements  y 

of  Y can be written as concatenat ion  of sequences,  y = so * st * • • • * s,~ in such a 

way that the lexicographic order ing on Y treats each s, as a unit; so the 

lexicographic order ing on Y mimics the lexicographic order ing on K ( m ) .  

LEMMA 2.6. Suppose K is a regular cardinal, n and m are positive integers, X is 

a subset of K ( n ) ,  the n-fold cartesian product of r with itself, and X has type at 

least K m under the lexicographic ordering. Then for some (m + 1) element set I, X 

has a subset Y which is an I-product set. 

PROOF. The  proof  proceeds  by induct ion on n. If  n = m = 1, then X is a 

{0, 1}-product set. 

So assume that n > 1 and that the l emma holds for  n - 1. For  each a E K, let 

X ( a )  be the set of  sequences  in X which begin with a and let T (a )  b e t h e  set of  

tails of  those sequences  f rom X that begin with a. That  is, t is in T (a )  if and only 

if ( a ) * t  is in X ( a ) .  

Case 1. For  some a, T (a )  has type at least r m. 

Since T ( a )  C K ( n  - 1), by the induct ion hypothesis  there  are sets J and Z so 

that 
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(i) ZC_Ta, 
(ii) J C n  a n d l S l  = m + l ,  

(iii) Z is a J -p roduc t  set. 

Set 1 = {j + 1 : j  ~ J} and Y = { ( a ) * z  : z E Z}. Then Y is an / -product  set 

and Y C X. 

Case 2. For all a, T(a) has type less than krL 

Let A be the set of all a so that T(a) has type at least x m-'. Then 

V = U { X ( b ) :  b E K - A }  has type at most K m-1. SO X -  V = U { X ( a ) :  a E A} 

has type at least K m and A has cardinality K. 

For each a • A, since T(a) C_ K(n - 1), by the induction hypothesis there are 

sets J(a) and Z(a)  so that 

(i) Z(a)  C_ T(a), 
(ii) J(a)C_n and IJ(a)[= n, 

(iii) Z(a)  is a J ( a ) -p roduc t  set. 

Since there are only finitely many subsets of n and A is infinite, there are sets 

J C n  and C C A  so that [C[=K and for all c E C ,  J(c)=J. For  c E C ,  let 

Y(c)={(c)*z  :z ~ Z(c)}. Set I={O} t . J { j+ l : jEJ}  and Y=~ 

I,.J{Y(c): c E C}. Then Y is an / -product  set and Y C X. 

LEMMA 2.7. There is no subset X C K of type K ~,÷1 with R [X] 2 = {0}. 

PROOF. Let  X C K be a set of type K'°*l. TO prove the lemma we must find 

{u, v} C X with R{u, v} = 1. 
For each a in K, let X(a)  be the set of sequences in X that begin with a. Let A 

be the set of a so that X(a)  has type at least r 3. Then A has type K, since X has 

type K'+I. For each a in A, since K is a regular uncountable cardinal, by L e m m a  

2.3, there is some n so that X(a) tqK(n)  has type at least K 3. NOW on 

X(a)  N K(n) the ordering < agrees with the lexicographic ordering. So for each 

a in A, there are n, I(a) and Y(a) so that Y(a) C X(a)  tq K(n) and Y(a) is an 

l ( a ) -p roduc t  set. 

Since A has order type K and there are only countably many four e lement  sets 

of natural numbers,  there is a set B C A of order  type K, and a set I so that for 

all b in B, I(b) = I. Let i, j, k and n be the elements  of I listed in increasing 

order. 

Let uo be in B and let (u0, u~ , . . . ,  uj_~) be an e lement  of Y(uo) lj. Let v0 be an 

element  of B with vo > uj_~. There  must be an e lement  of B greater  than uj_~, 

since B has order  type K. Let  (v0, v~,-- . ,  v,_~) be an e lement  of Y(vo) l i. Since 

Y(uo) and Y(vo) are b o t h / - p r o d u c t  sets, there are sequences (uj, uj+~, • •., uk-~), 
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(v,, v,+,, '"  ", vj_,), (uk, uk+,,"" ", u._ O, (vj, v j+, , ' '  ", v._,) so that (Uo, u , , - . . ,  u,_,) is 

in Y(uo) ,  (Vo, v , , . . . ,  v ,_ , )  is in Y ( v o )  and uj > v~-l, v~ > uk-~, uk > vj_,, v i > u,_,. 

Then  uj_, < Vo-  u, < vj_, _-< u,_~ < vj, so R{(uo, u , , . . . ,  u._ O, (Vo, ' '  ", v.-O} = 1. 

03. Pinning and consequences 

Let  A and B be wel l -ordered sets. A function s : A --> B is called a pinning 

map in case, for  every  subset X C A order- i somorphic  to A, its image s ( X )  is 

o rder - i somorphic  to B. If a and /3  are ordinals,  then o~ c a n  be p i n n e d  to [3, in 

symbols a --~/3, if there  is a pinning map f rom a into/3. Clearly if tp A = a and 

t p B  =/3, then a --~/3 if and only if there  is a pinning map f rom A into B. 

E. Specker  in t roduced  this not ion in [14] to t ransfer  results about  one  ordinal  

to another .  The  basic lemma relating part i t ion relat ions to pinning is the 

following. 

LEMMA 3.1. Suppose  or, /3 are ordinals  a n d  m a cardinal .  I f  a - ~ / 3  a n d  

/3 - / ,  (/3, m ) 2, then  a 74 (a ,  m ) z. 

PROOF. Let  s : a ~ / 3  be a pinning map. Suppose  r : [ / 3 1 2 ~ { 0 , 1 }  is a 

counte r -example  to/3 -o (/3, m )  2. Define R : [a]z--~ {0, 1} by setting R{~, rl} = 1 if 

and only if s ( ~ ) ~  s ( r / )  and r{s(~), s(r/)} = 1. Then  R is a coun te r -example  to  
a ~ ( a , m )  z . 

Obviously  more  can be proved, but this l emma suffices for the present 

purposes.  

J. Baumgar tne r  [11 used pinning to der ive consequences  of T h e o r e m  2.1. H e  

showed that the t heo rem could be ex tended  to cardinals of uncountab le  

cofinality. H e  also showed that if K is a cardinal  of uncountab le  cofinality and a 

is an ordinal  with K '~ < a < K + and cf a = cf K, then a -/; (a, 3) 2. More  specifi- 

cally, he  proved  the following: 

THEOREM 3.2. (J. Baumgar tne r  [1]) A s s u m e  r is a card ina l  such  tha t  

c f r  > to. L e t  a be an  i n d e c o m p o s a b l e  ord inal  such  tha t  K~ '<  a < K ÷ a n d  

cf ot = A. T h e n  a ---> K" • A. I f  cf K = It, then  ot --> It ~" • A also. 

COROLLARY 3.3. (J. Baumgar tne r  [1]) A s s u m e  K is a card ina l  such  tha t  

c f  K > w. L e t  ot be an  i n d e c o m p o s a b l e  ord inal  such  that  r " < a < K +. I f  Cf a = 

Cfr,  then  a 76 (a ,3 )  2. I n  part icular ,  r'~+~76 (K'°+~,3)z a n d  r ~ 7 4 ( r ' , 3 )  2. 

Baumgar tne r ' s  proof  of T h e o r e m  3.2 may be modified slightly to p rove  the 

following theorem:  
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THEOREM 3.4. A s s u m e  K is a card inal  with cof inali ty  A > tO, and  a is an  

ordinal  with tO < a < K ÷. I f  a is decomposable ,  then K ~ ---> A ~+~ 

The  above  T h e o r e m  3.4 on pinning, the main T h e o r e m  2.1 of  the paper  and 

L e m m a  3.1 connect ing  pinning and parti t ion relations combine  to give the 

following corollary:  

COROLLARY 3.5. A s s u m e  that  K is a cardinal  with uncoun tab le  cof inali ty  and  

that  a is an  ordinal  with tO < a < K ÷. I f  a is decomposable ,  then K a 76 (K ~, 3) 2. 

The  rest of this section is devo ted  to the proof  of T h e o r e m  3.4. 

The  lemmas Baumgar tne r  used are the following: 

LEMMA 3.5. (6.2 on page 305 [1]) Suppose  K is a s ingular  card inal  and  

cf K = A > tO. T h e n  K ,o __> A ~. In  fact ,  there is a f unc t ion  f : K ~ --> A ~ such that  for  

all n < tO, i f  X C_ K ~ is o f  order type K ", then f ( X )  has  order type >-_ A" 

LEMMA 3.6. (Mi lne r -Rado  Paradoxical  Decompos i t i on  [12]) L e t  o~ be an 

ordinal  n u m b e r  a n d  let K be a card ina l  such that  K < a < K ÷. T h e n  there are sets 

A .  for  each n < tO such that  a = [,.J{A, : n < tO} and  each A ,  has  order type less 

than  K ~. 

LEMMA 3.7. (6.3 on page 306 [1]) Le t  K be a card inal  such that  cf K > tO, and  

let K "~ <= a < K ÷. T h e n  there is f~ : a ~ K ~ such that  for  every A C ct and  every 

n < tO, i r A  has  order type K", then f ( A )  has  order type >= K". Therefore, i r A  C a 

has  order type K ~, then so does f ( A  ). In  particular, a ~ K o~. 

PROOF OF THEOREM 3.4. Let  K be a cardinal with cofinality A > co, and let a 

be a decomposab le  ordinal  with to < a < K ÷. Then  the theorem states that 
K a ......~ A ~a+ 1o 

Since a is decomposable ,  a = b + c where  b = c and c is indecomposable .  If 

c = 1, then cfK ~ = CfK, and the theorem follows f rom T h e o r e m  3.2. So assume 

e > 1. Let  B be a set of type Kb, C a set of type KC, and let [ : B - - - > A  ~ be the 

composi t ion  of the pinning maps  descr ibed in L e m m a s  3.7 and 3.5. Since C has 

cardinali ty K, there is a decompos i t ion  of C = I,.J~<~ C~ into A disjoint sets each 

of  cardinali ty less than K. Now C × B  has o rder  type K b" K c under  the 

lexicographic ordering,  and A × A'° has type A ~ .A = A°+l. Define 

r : C × B ~ A × A ~+1 by r((y, /3))  = (a, f(/3)) where  y E C,~. It suffices to show r 

is the desired pinning map. 

Suppose  X C C x B  and type X =  K a. For  each o~ <A,  let Y,, = 

{/3 E e : : : ly(y, /3)  E X ('1 (C~ × B ) } .  
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For every n < to and every a ' < A, there is a > ct ' so that tp Y,~ _-> K ". 

PROOF OF CLAIM. Assume  by way of contradict ion that there are n and a '  so 

that for all a > a ' ,  tp Y,, < K". Let D = U{C~ : a < a'}. Since ce' > A, where h is 

the cofinality of K and each C,~ has cardinality less than K, it follows that 

t p D = / z < K .  So U = X N ( D x B ) = U { x f q ( C ~ x B ) : a < a  '} has type at 

most  Kb'/X < K b ' K < K a .  Let  

V :  X N( (C-  D)x  B)= U ( x  n(Co x B): a' <a  < A}. 

Then X = U U V. Since tp X = K ~ is indecomposable ,  and tp U < K ~, it follows 

that t p V = K  °. However ,  if a ' < a  and s E C t ,  then X A ( { s } x B ) C X N  

({s}x Yo), so t p X N ( { s } x B ) < K " .  Thus tpV<---K" .K < K  °. Therefore  K ° = 

tp V < K a. This contradict ion yields the claim. 

Since f is the composi t ion  of the pinning maps described in L e m m a s  3.7 and 

3.5, if Y~ has type at least K ", then f ( Y ~ )  has type at least A ". So if Y,~ has type at 

least K", then r ( X  71 (C~ x B))  is a subset of {a} x A '~ of type at least A °. This 

implication and the claim above  yield the conclusion that for  every n < to and 

every a ' <  A, there is an o~ > a '  and a subset of r ( X ) N  ({a} x A ~+l) of type at 

least A ". But  the conclusion suffices to show that r ( X )  is a set of  type A ~+'. So r is 

the desired pinning map. 

§ 4 .  L i m i t a t i o n s  

In this section, I character ize for  a regular  uncountable  cardinal K the set of 

ordinals of  cardinali ty K that can be pinned to K '°÷1. The  first step is to 

character ize the ordinals of power  K that can be pinned to K 2. The  second step is 

to use the results of the previous section to show that if a -> K ~+1 a n d  a can be 

p inned to K 2, then a can be p inned to K ~+1. Now ~o+~ can be pinned to r 2, and 
~ + 1  ~ + 1  pinning is transitive. So if u > K , then a can be pinned to K if and only if c~ 

can be pinned to K 2. 

If K is a singular cardinal of uncountable  cofinality A, then one is interested in 

the set of ordinals which can be pinned to A ~+1. The  procedure  used to 

de te rmine  the set for  a regular  cardinal is s tymied at the first step since extra set 

theoret ic  assumptions are required to de te rmine  the pinning relation a -*  A 2 for  

some a. A similar situation occurs for  cardinals of cofinality to, a l though in that 

case, since if K has cofinality oJ, then K ~+I can be pinned to to3, the set of interest 

is the set of ordinals which can be p inned to to3 The  difficulties that arise are 

exemplified by the following result. 
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THEOREM 4.1. (See [11]) I f  the Cont inuum Hypothesis is assumed, then 

co7 +2--* co 2. On  the other hand, if Mar t in ' s  A x i o m  holds and the Cont inuum 

Hypothesis fails, then to~+274 co 2. 

The  next two lemmas concern  ordinals which cannot  be p inned to K 2. 

LEMMA 4.2. I f  K is a regular cardinal and a is an indecomposable ordinal with 

O < a  < K  + and c f a ~ K ,  then Ka74K2. 

PROOF. Let ~ = c fa .  Since a is indecomposable ,  a is the limit of an 

increasing sequence  ( a ( u ) :  u < / z ) .  A n d  a is also the limit of the increasing 

sequence  ( a ( u ) - 2 :  ~, </.L). So K ° is the limit of  ( r  ~(~): v < ~ )  and of  (K °(~2: ~, < 

/x). Let  M ( u )  = {u} × K a(") X K"(~), and let M = LJ{M(u) :  v < /x  }. U n d e r  the 

lexicographic order ing M has type K ". 

To  prove the i emma it suffices to show there is no pinning map f rom M to K 2. 

So suppose f :  M---~ K 2 is given. For  each ~, < /x ,  look at f restricted to M ( u ) .  If 

for some s in K ~(~), the image of f restricted to {v} × {s} x K ~(~) is bounded ,  call v 

good,  and set X ( v )  = {v} × {s} × K °(~) for the smallest s which has this proper ty ,  

and let b(v )  be a bound  for  the image of {v} × {s} × K°(~. 

Let  G be the set of  all good  v. First suppose G has cardinat i ty/z .  S ince /z  < K 

b ( G )  has cardinality less than K. Let X = L.J{X(v) : v @ G}. Then X has type r ~ 

and f is bounded  on X. So f cannot  be a pinning map if G has cardinality/x.  

So suppose G does not have cardinali ty ~. Then H = tz - G has cardinali ty/z.  

E n u m e r a t e  Y = { { v } x K ~ ( V ) : v @ H }  in order  type K as { ( x , , y ~ ) : y < K } .  N o w  

use the fact that for u = x ~  in H, f is u n b o u n d e d  on {x~}x{y~}×K "(~). By 

recursion define {z~ : 3' < K } so that if 3' > 8, then f ( x ,  y ,  z~) > f(xs, yn, z~). Let  

X = {(x~,y~, z~)" 3' < K}. In lexicographic ordering,  X and Y have the same 

order  type, and that c o m m o n  order  type is r ~. Moreover ,  the image f ( X )  has 

order  type K. So f cannot  be a pinning map.  

LEMMA 4.3. A s s u m e  K is a regular cardinal, 3/ and fl are indecomposable 

ordinals with [3 < K and 3" < r +. I f  3" 74 r 2, then 3' • [3 74 K 2. 

PROOF. The  set /3 × 3' o rdered  lexicographically has order  type 3' • [3. Sup- 

pose a funct ion f : [3  x 3"-~ r 2 maps [3 x y into r 2. For  each b < % use the 

hypothesis  that  3' 74 r 2 to find a subset X ( b )  C {b} × 3' of type y so that the 

image has type less than K 2. Let  X = I,.,l{X(b) : b < [3}. Then  X has type 3' •/3. 

The  image f ( X )  is the union of  f ( X ( b ) )  for  b </3,  and each f ( X ( b ) )  has type  less 

than r 2. Since r is regular,  by L e m m a  2.3 x z--~ (K 2)~ where  u = I [3 1 < r.  So K 2 is 

not the union of  [3 sets of type less than K z. Thus  f ( X )  has type less than r 2, and f 

is not  a pinning map.  There fo re  3' •/3 74 r 2. 
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The  next theorem relates pinning to K 2 to pinning to r ~ and r "÷~ for  a regular  

uncountable  cardinal K, and it will be used in the general  discussion of the 

relation a --~ (a, 3) 2 that appears  in the next section. 

THEOREM 4.4. A s s u m e  K is a r egu la r  c a r d i n a l  a n d  a is a n  i n d e c o m p o s a b l e  

o r d i n a l  w i t h  K 3 <= ot < K +. T h e n  the  f o l l o w i n g  are e q u i v a l e n t :  

(1) ~ - ~ K  2. 
(2) a = K a . /3  w h e r e  [3 < K ÷ a n d  e i t he r  cf a = K or a is d e c o m p o s a b l e .  

(3) E i t h e r  ( a  < K "~÷1 a n d  a - ~  K 3) or ( a  < r ~'÷~ a n d  a ~ K~'+~). 

(4) E i t h e r  ct --~ K 3 or  a --~ K ~'÷~. 

It is not  hard to show that if a < K ~÷~, then a cannot  be p inned to K'~+I. So the 

theorem yields a character izat ion of the set of ordinals which can be p inned to 
to+l  

K 

PROOF. Let a be an indecomposab le  ordinal  with r3_-  < a < K÷. Then  by 

work of W. Sierpinski (see [13] theorem 3 on page 325), there are a and /3  so 

a = K a •/3 where  0 _--< a < K ÷ and /3  is an indecomposable  ordinal  with 0 < /3  < 

r. Since a _-> x3, it follows that a _-> 3. 

N o w  by the previous two lemmas,  (1) implies (2). 

Pinning is transitive. A n d  r a . /3  can be p inned to r ~. If 3 _-> a < to, then K a can 

be p inned to K 3. So if 3--_<a<to,  then a = K  ~ ' /3  can be p inned to K 3. If 

to _--< a < r ÷ and ei ther  a is decomposab le  or  cf a = K, then K a can be p inned to 

K'~+~ by Theo rems  3.4 and 3.2. So by the transitivity of pinning, if to -< a < r *, 

then a = K ~ . f l  can be p inned to K '°÷1. Thus  (2) implies (3). 

Trivially, (3) implies (4). Since both K 3 and r ,o÷1 can be pinned to K 2 and since 

pinning is transitive, the implication (4) implies (1) holds. Thus  the four  

condit ions are equivalent.  

§5. A general discussion 

This section is a discussion of  the relation a ~ (a, 3) 2 for  ordinals a of the 

form a = K a where  K is a cardinal and 0 < / 3  < K+. It is based both  on the 

counter -example  of  the paper  and on results of o ther  mathematic ians .  The  

pinning relation, which was in t roduced by E. Specker ,  plays an impor tan t  role in 

the discussion. Its first appearance  in this paper  is in section 3 where  it is defined 

and where  the basic l emma is p roved  which says that if a can be p inned to /3  (in 

symbols,  we write a --~/3), and /3 7 6 (/3, 3) 2, then a 76 (a, 3) 2. 

It is not  hard to see that  if a non-zero  ordinal  ct is decomposable ,  then 

a 76 (a, 3) 2. A n d  indecomposable  ordinals can be written as the produc t  of 
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ordinal  powers  of cardinals. For  if a a n d / z  are ordinals,  then a can be written 

uniquely as a =/ . t  ~, • v~ + ~,o~. ~'2+ " " " + / z  a" ' • u.-1, where  al -> a2 => • • • --> a._~ 

and vl < / z ,  v2 < p. , ' "  ", ~,.-i < / ~  (see p. 325 of  Sierpinski 's  book  [13]). So if a is 

indecomposab le  and K = i a f, then a = K ~ • u where  0 < / 3  < K + and u < K. By 

induct ion it follows that every indecomposable  ordinal  a is the p roduc t  

a = a0" a~ . . . . .  a._~ of ordinal  powers  of  cardinals a~ = Kf <~ where  fur ther  

K 0 > K ~ > ' ' ' > K . - 1 .  Such a produc t  can be represented  in order  type as a 

Cartesian produc t  with a lexicographic ordering.  With such a representat ion,  the 

project ion maps  show that a can be pinned to each factor,  a ~ a~. So if some 

a~ = r ft') satisfies a~ 74 (a~, 3) 2, then a satisfies a 74 (a, 3) 2. So ordinals of  the 

fo rm K ~ are basic in the s tudy of the relation a ~ (a, 3) 2. 

Only  three infinite countable  ordinals are known to have the positive relation 

a ~ (a, 3) 2. A n d  all the known negative relations for  indecomposab le  ordinals 

depend  on the negative result for  one  ordinal,  to3. The  part i t ion relation 

to ~ (to, to)2 is a special case of R a m s e y ' s  Theorem.  E. Specker  [14] p roved  

to2___~ (to2, m )2 for  all m < to and proved  to 374 (to 3, 3)2, the basic counter -example  

for  countable  ordinals. H e  in t roduced pinning, showed to" ~ to3 for  all n with 

3 _-< n < to, and concluded to" 76 (to", 3) 2. C. C. Chang  [2] p roved  to ~ ~ (to ' ,  3) 2, 

and E. C. Milner improved  his result to to,o _...> (to,o, m)2 for  all m < to. For  a 

shor ter  p roof  of  that  result, see [9]. F. Galvin [5] p roved  that if a _-> 3 is countable  

and decomposable ,  then to n can be p inned to co3, so to a 74 (to", 3) 2. I showed that 

the counter -example  to374 (to3, 3)2 cannot  be ex tended th rough  pinning to o ther  

countable  ordinals by showing that if a countable  indecomposab le  ordinal  

a = to" can be p inned to to3, then a must  be decomposab le  (see [5]). For  

countable  ordinals of the form ot = to" where a > to is indecomposable ,  nothing 

is known about  the relation a - - > ( a ,  3) ~. In part icular  too'~---->(to'°~,3)2 and 

to '~ --* (to ~ ,  3) 2 are open.  

The  results for  countable  ordinals can be general ized,  somet imes  in restricted 

cases, to uncountab le  ordinals. If K is an uncountable  cardinal, then it is 

wel l -known that K ~ (K, to)2 (see [4]). Specker ' s  result for  to2 can be general ized 

to K2---~ (K2,3) 2 if K is a weakly compact  cardinal;  an uncountable  cardinal is 

weakly compac t  if K ---> (K)2. j .  Baumgar tne r  [1] has shown that if K is a s t rong 

limit cardinal and m < to, then K 2 ~ ( r  2, m )2 if and only if (cf K )2 ~ ((cf ~ )2, m )2. 

In the same paper  he also proved  that if K is regular  and K2---~ (K2,3) 2, then the 

K-Souslin hypothesis  holds. H e  uses Jensen ' s  result [7] that if V = L, then K is 

weakly compac t  if and only if the K-Souslin hypothsis  holds to derive the 

following corol lary:  If V = L and K is a cardinal,  then K 2---~ (K 2, 3) 2 if and only if 

cf K is weakly compact .  In [6], A.  Hajna l  p roved  that if K is regular  and 2" = K +, 
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then (K+)Z74((K+)2,3) 2. J. B a u m g a r t n e r  [1] genera l ized Ha jna l ' s  result by 

proving that  for  both  regular  and singular  cardinals,  if 2 K= K +, then 

(K +)274 ((K +)z, 3)2. 

Specke r ' s  a rgumen t  for  to3 can be genera l ized  to show that  if K is a regular  

cardinal ,  then K374 (K 3, 3) 2. If K is a cardinal,  and n is an ordinal  with 3 _-< n < co, 

then cf K is regular  and K" can be p inned to (cf K) 3, SO K"74  (K", 3) 2. 

If K is a R a m s e y  cardinal,  then the C h a n g - M i l n e r  result for  to~' can be 

genera l ized  to p rove  K ~' -+ (K ~, m)2 for  all m < w (see [8] for  a proof ;  a cardinal  

K is R a m s e y  if K ~ (K)~) .  This posi t ive result using a R a m s e y  cardinal  shows 

that  there  can be no s imple combina tor ia l  coun te r - example  like the one  used to 

show to374(to3,3)2 for  ordinals  of the fo rm , o  where  K is an uncountab le  

cardinal.  In [3], A. Ha jna l  p roved  that  if 2 ~ = K +, then K +" K 74 (K +" K, 3) 2. NOW 

to~' can be  p inned to to1 • to. So if the con t inuum hypothes is  holds, Ha jna l ' s  result  

yields to774 (to ~', 3) 2. In contrast  with Ha jna l ' s  negat ive  result,  

K ÷. r 74 (K ~" ~, 3) z, J. B a u m g a r t n e r  [1] has shown that  if K is a weakly  compac t  

cardinal  and a < K  is an ordinal  with a ~ ( a , m ) 2 ,  then K ' O t ~ ( K ' O t ,  3) 2 . I 

genera l ized his result  to show under  the same hypotheses  that  

K2-a---> (K 2. a,  3) 2. For  proofs,  see [10]. 

The  main  t h e o r e m  of this pape r  is that  if K is a regular  cardinal,  then 

K'°+174 (K ~,+1, 3)2. If K is a singular  cardinal  of uncountab le  cofinality, then x ~'+1 

can be p inned  to (cf K )~+1. If K has cofinality to, then K ~+1 can be p inned to o)3. So 

for  every  cardinal  K, the negat ive  relat ion K ~+~ 74 (K'°+1, 3)2 holds. J. B a u m g a r t -  

her  [1] p roved  that  if K is a cardinal  of uncountab le  cofinality and a is an ordinal  

with K '° < a < K + and with c f a  = c f r  > to, then a can be p inned  to (Cf r )  ~'+', SO 

a 76 (a, 3) 2. Using his methods ,  I p roved  that  if K is a cardinal  of uncountab le  

cofinality, a is a d e c o m p o s a b l e  ordinal  with to < a < K+, then a = Ka can be 

p inned  to (cf K)~+~, so a 74 (a, 3) 2 (see section 3). If K is a regular  uncoun tab le  

cardinal ,  then these are the only kinds of ordinals  that  can be p inned to 

K ~+1= (CfK) '0+1 (see section 4). 

Now K ~+1 can be  p inned to K 2 and to (cf K)2. So if K is the cardinal  successor  of 

A and  2 ~ = K, then the t h e o r e m  K~+I76(K'°+1,3)  2 is a corol lary to the  results  of  

Ha jna l  and Baumgar tne r .  Similarly, if V = L and cf K is not weakly  compac t ,  

then the relat ion K ~'+~ 74 (K'~+1, 3)2 follows f rom (cf r )274 ((cf K )2, 3)2. Howeve r ,  if 

~ ( K 2 , 3 )  2 as it does  for  a weakly  compac t  cardinal  K, then the results  

K~74 (K 3, 3) 2 and K'+~74 (K'°+1, 3)2 give all the known negat ive  results. Fur ther -  

more ,  if K is regular ,  then for  ordinals  a = K 3, the two results  K 376 (K 3, 3)2 and  

K'°+174 (K'°+l, 3) 2 are as powerfu l  as K274 (K2,3) 2, since if a _-> K 3, then a can be  

p inned  to K 2 if and only if it can be p inned  to one  of K 3 and K ~,+i. (See section 4.) 
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If K and )t are both Ramsey  cardinals and r >A ,  then I have shown 

(unpublished) that K a ---) (K ~, 3) 2. One  Of Baumgar tne r ' s  results shows that for no 

uncountable  cardinal K does K " - - ) ( K ' ,  3) 2. 

The  following quest ions are open.  

(1) to ~ (to~, 3):? 

( 2 )  to ~ --) (to ~ ,  3)2?  

(3) to:" to ---) (to:" to, 3):? 

(4) to~'---~ (to~', 3):? 

(5) Is there a cardinal K of uncountable  cofinality and an ordinal  a with 

K K < a < K ÷ so that a --) ( a ,  3 ) z ?  
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